
Chapter 9

Matrix Formulation of the
Linear Variation Method

9-1 Introduction

In Chapter 7 we developed a method for performing linear variational calculations. The
method requires solving a determinantal equation for its roots, and then solving a set of
simultaneous homogeneous equations for coefficients. This procedure is not the most
efficient for programmed solution by computer. In this chapter we describe the matrix
formulation for the linear variation procedure. Not only is this the basis for many
quantum-chemical computer programs, but it also provides a convenient framework
for formulating the various quantum-chemical methods we shall encounter in future
chapters.

Vectors and matrices may be defined in a formal, algebraic way, but they also
may be given geometric interpretations. The formal definitions and rules suffice for
quantum-chemical purposes. However, the terminology of matrix algebra is closely
connected with the geometric ideas that influenced early development. Furthermore,
most chemists are more comfortable if they have a physical or geometric model to
carry along with mathematical discussion. Therefore, we append some discussion of
geometrical interpretation to the algebraic treatment.1

9-2 Matrices and Vectors

9-2.A Definitions

A matrix is an ordered array of elements satisfying certain algebraic rules. We write our
matrices with parentheses on the left and right of the array.2 Unless otherwise stated,
we restrict the elements to be numbers (which need not be real). In general, however,
as long as the rules of matrix algebra can be observed, there is no restriction on what
the elements may be. In expression (9-1), we have written a matrix in three ways:





1.2 3.8 −4.0
5.0 1.0 0.0
9.1 0.0 −3 + 4i

6.0 −1.0 −1.0



 ≡





c11 c12 c13

c21 c22 c23

c31 c32 c33

c41 c42 c43



 ≡ C (9-1)

1More thorough discussions of matrix algebra at a level suitable for the nonspecialist are given by Aitken [1]
and Birkhoff and MacLane [2].

2Some authors use brackets.
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On the left, the numerical elements are written explicitly. In the center they are sym-
bolized by a subscripted letter. On the right the entire matrix is indicated by a single
symbol. We will use sans serif, upper-case symbols to represent matrices.

Individual matrix elements will be symbolized either by a subscripted lower-case
symbol (e.g., c12) or by a subscripted symbol for the matrix in parentheses (e.g., (C)12).

It is useful to recognize rows and columns in a matrix. The sample matrix given above
has four rows and three columns, so it is said to have dimensions 4×3. When subscripts
are used to denote position in a matrix, the convention is that the first subscript indicates
the row, the second indicates the column. (The order “row-column” is important to
remember. The mnemonic “RC,” or “Roman Catholic” is helpful.) Rows are numbered
from top to bottom, columns from left to right. There is no limit on the dimensions for
matrices, but we usually will be concerned in a practical way with finite-dimensional
matrices in this book.

If a matrix has only one column or row, it is called a column vector or row vector,
respectively. We will use sans serif, lower-case symbols to denote column vectors.
Additional symbols, described shortly, will be used to denote row vectors. These two
kinds of vector behave differently under the rules of matrix algebra, so it is important
to avoid confusing them.

If a matrix has only one row and one column, its behavior under the rules of matrix
algebra becomes identical to the familiar behavior of ordinary scalars (i.e., numbers),
and so a 1 × 1 matrix is simply a number.

The similarity in appearance between a matrix and a determinant may be deceptive.
A determinant is denoted by bounding with vertical straight lines, and is equal to
a number that can be found by reducing the determinant according to a prescribed
procedure (see Appendix 2). For this to be possible, the determinant must be square
(i.e., have the same number of rows as columns). A matrix is not equal to a number
and need not be square. (However, one can take the determinant of a square matrix A.
This number is symbolized |A| and is not the same as A without the vertical bars.)

Two matrices are equal if all elements in corresponding positions are equal. Thus,
A = B means aij = bij for all i and j .

9-2.B Complex Conjugate,Transpose, and Hermitian Adjoint
of a Matrix

We define the complex conjugate of a matrix A to be the matrix A∗, formed by replacing
every element of A by its complex conjugate. If A = A∗,A is a real matrix. (Every
element is real.)

We define the transpose of a matrix A to be the matrix Ã, formed by interchanging
row 1 and column 1, row 2 and column 2, etc. The transpose of the 4 × 3 matrix in
expression (9-1) is the 3 × 4 matrix given in

C̃ =



1.2 5.0 9.1 6.0
3.8 1.0 0.0 −1.0

−4.0 0.0 −3 + 4i −1.0



 (9-2)

If we denote some column vector as p, we can symbolize the corresponding row vector
as p̃. Thus, the tilde symbol is one device we can use to indicate a row vector.
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Transposing a square matrix corresponds to “reflecting” it through its principal
diagonal (which runs from upper left to lower right) as indicated in

A =



1 2 3
4 5 6
7 8 9



 , Ã =



1 4 7
2 5 8
3 6 9



 (9-3)

If A = Ã,A is a symmetric matrix.
We define the hermitian adjoint of A to be the matrix A†, formed by taking the

transpose of the complex conjugate of A (or the complex conjugate of the transpose.
The order of these operations is immaterial.) Hence, A† = (Ã)∗ = (Ã∗). If A = A†,
A is a hermitian matrix.

9-2.C Addition and Multiplication of Matrices and Vectors

Multiplication of a matrix by a scalar is equivalent to multiplying every element in the
matrix by the scalar. Addition of two matrices is accomplished by adding elements in
corresponding positions in the matrices. Thus, for example,

(
1 2
3 4

)
+ 2

(
5 6
7 8

)
=

(
1 + 10 2 + 12
3 + 14 4 + 16

)
=

(
11 14
17 20

)

and it is evident that the operation of matrix addition is possible only within sets of
matrices of identical dimensions.

Matrix multiplication is a bit more involved. We start by considering multiplication
of vectors. Two types of vector multiplication are possible. If we multiply a row vector
on the left times a column vector on the right, we take the product of the leading element
of each plus the product of the second element of each, plus . . . , etc., thereby obtaining
a scalar as a result. Hence, this is called scalar multiplication of vectors. For example,

(
1 2 3

)



4
5
6



 = 1 × 4 + 2 × 5 + 3 × 6 = 32

This kind of multiplication requires an equal number of elements in the two vectors.
It is important to retain in mind the basic operation described here: summation of
products taken by sweeping across a row on the left and down a column on the right.
Since there exists but one row on the left and one column on the right, we obtain one
number as the result.

The other possibility is to multiply a column vector on the left times a row vector on
the right. Employing the same basic operation as above, we sweep across row 1 on the
left and down column 1 on the right, obtaining a product that we will store in position
(1, 1) of a matrix to keep track of its origin. The product of row 1 times column 2 gives
us element (1, 2) and so on. In this way, we generate a whole matrix of numbers. For
example,

(
1
2

)(
3 4 5

)
=

(
1 × 3 1 × 4 1 × 5
2 × 3 2 × 4 2 × 5

)
=

(
3 4 5
6 8 10

)
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This is an example of matrix multiplication of vectors. Just as before, the number of
columns on the left (one) equals the number of rows on the right. Now, however, the
number of elements in the vectors may differ, and the dimensions of the matrix reflect
the dimensions of the original vectors.

The two types of vector multiplication may be symbolized as follows, using our
notation for scalars, row vectors, column vectors, and matrices:

ãb = c (9-4)

ab̃ = C (9-5)

Multiplying two matrices together is most simply viewed as scalar multiplying all
the rows in the left matrix by all the columns of the right matrix. Thus, in AB = C, the
element cij is the (scalar) product of row i in A times column j in B. This process is
possible only when the number of columns in A equals the number of rows in B. Thus,
AB may exist as a matrix C, while BA may not exist due to a disagreement in number of
rows and columns. If A and B are both square matrices and have equal dimension, then
AB and BA both exist, but they still need not be equal. That is, matrix multiplication
is not commutative.

In a triple product of matrices, ABC, one can multiply AB first (call the result D)
and then multiply DC to get the final result (call it F). Or, if one takes BC = E, then
one always finds AE = F. Thus, the result is invariant to the choice between (AB)C or
A(BC), and so matrix multiplication is associative.

9-2.D Diagonal Matrices, Unit Matrices, and Inverse Matrices

A diagonal matrix is a square matrix having zeros everywhere except on the princi-
pal diagonal. Diagonal matrices of equal dimension commute with each other, but a
diagonal matrix does not, in general, commute with a nondiagonal matrix.

A unit matrix 1 is a special diagonal matrix. Every diagonal element has a value
of unity. A unit matrix times any matrix (of appropriate dimension) gives that same
matrix as product. That is, 1A = A1 = A. It follows immediately that the unit matrix
commutes with any square matrix of the same dimension.

We define the left inverse of a matrix A to be A−1, satisfying the matrix equation
A−1A = 1. The right inverse is defined to satisfy AA−1 = 1.

In most of our quantum-chemical applications of matrix algebra, we will be con-
cerned only with vectors and square matrices. For square matrices, the left and right
inverses are identical, and so we refer simply to the inverse of the matrix.

9-2.E Complex Conjugate, Inverse, and Transpose
of a Product of Matrices

If AB = C, then C∗ = (AB)∗ = A∗B∗. In words, the complex conjugate of a product
of matrices is equal to the product of the complex conjugate matrices. This is demon-
strable from the observation that (C)ij = (A)i1(B)1j + (A)i2(B)2j + · · · and (C)∗ij =
(A)∗i1(B)∗1j + (A)∗i2(B)∗2j + · · · and so the complex conjugate is produced by taking
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the complex conjugate of every element in A and B but not changing their order of
combination.

If AB = C, then C−1 = (AB)−1 = B−1A−1. In words, the inverse of a product
of matrices is equal to the product of inverses, but with the order reversed. We can
easily show that this satisfies the rules of matrix algebra. C−1C = (AB)−1AB =
B−1A−1AB=B−11B=B−1B=1. If we failed to reverse the order, we would instead
have A−1B−1AB and, because the matrices do not commute, we would be prevented
from carrying through the reduction to 1.

If AB = C, then C̃ = (ÃB) = B̃Ã. The transpose of a product is the product of
transposes, again in reverse order. Since C̃ has cij and cji interchanged, it follows that,
where we had row i of A times column j of B, we must now have row j of A times
column i of B. But this is the same as column j of Ã times row i of B̃. To obtain row
on left and column on right for proper multiplication, we must have B̃Ã.

9-2.F A Geometric Model

Consider a vector in two-dimensional space emanating from the origin of a Cartesian
system as indicated in Fig. 9-1a. We can summarize the information contained in this
vector (magnitude and direction) by writing down the x and y components of the vector
terminus, (3 2) in this case. It must be understood that the first number corresponds to
the x component and not the y, and so the vector (3 2) carries its information through
number position as well as number value.

If we multiply both numbers in the vector by 2, the result, (6 4), corresponds to a
vector collinear to the original but twice as long. Therefore, multiplying a vector by a
number results in a change of scale but no change in direction. Hence, the term “scalar”
is often used in place of “number” in vector terminology.

Suppose that we rotated the Cartesian axes counterclockwise through an angle θ ,
maintaining them orthogonal to each other and not varying the distance scales. We
imagine our original vector to remain unrotated during this coordinate transformation.
(Equivalently, we can imagine rotating the vector clockwise by θ , keeping the axes
fixed.) We wish to know how to express our vector in the new coordinate system. The
situation is depicted in Fig. 9-1b. Inspection reveals that the new coordinates (x′y′) are
related to the old (x y) as follows:

x′ = x cos θ + y sin θ, y′ = −x sin θ + y cos θ (9-6)

If we make use of matrix algebra, we can express Eqs. (9-6) as a matrix equation:

(
x′
y′

)
=

(
cos θ sin θ

− sin θ cos θ

)(
x

y

)
(9-7)

Multiplying the two-dimensional vector (call it v) by the 2 × 2 matrix (call it R) gen-
erates a new vector v′, that gives the coordinates of our vector in the new coordinate
system:

v′ = Rv (9-8)
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Figure 9-1 � (a) The vector (3 2). (b) The same vector and its relationship to two Cartesian axis
systems.

We have, then, a parallel between the vectors v′ and v and matrix R on the one hand,
and the two-dimensional “geometrical” vector and rotating coordinate system on the
other. R represents the rotation and is often referred to as a rotation matrix.

If we were to perform the rotation in the opposite direction, the rotation matrix would
be the same except for the sin θ terms, which would reverse sign:

rotation of coordinates

clockwise by θ

}
−→

(
cos θ − sin θ

sin θ cos θ

)
(9-9)

Note that this is just R̃, the transpose of R.
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If we were to rotate counterclockwise by θ and then clockwise by θ , we should end
up with our original coordinates for the vector. Thus, we should expect

R̃Rv = v (9-10)

or

R̃R = 1 (9-11)

(Note that the order of operations is consistent with reading from right to left, just as
with differential operators. Thus, R̃R means that first R is performed, then R̃.) Relation
(9-11) is easily verified by explicit multiplication. Thus we see that, if we think of a
matrix as representing some coordinate transformation in geometrical space, the inverse
of the matrix represents the reverse transformation. In this particular example, the
transpose of the transformation matrix turns out to be the inverse transformation matrix.
When this is so, the matrix is said to be orthogonal. (Orthogonal transformations do not
change the angles between coordinate axes; orthogonal axes remain orthogonal—hence
the name “orthogonal.”) The analogous transformation for matrices having complex
or imaginary coefficients is called a unitary transformation. A unitary matrix has its
hermitian adjoint as inverse: A†A = 1.

While it is easy to visualize a coordinate transformation in two or three dimensions,
it is more difficult in higher-dimensional situations. Nevertheless, the mathematics and
terminology carry forward to any desired dimension and are very useful. One may, if
one wishes, talk of vectors and coordinate transformations in hyperspace, or one can
eschew such mental constructs and simply follow the mathematical rules without a
mental model.

One must be a bit cautious about inverses of matrices. In the rotation described
above, we have a unique way of relating each x, y point in one coordinate system to a
point at x′, y′ in the other. The transformation does not entail any loss of information
and can therefore be “undone.”

Such transformations (and their matrices) are called nonsingular. A nonsingular
matrix is recognizable through the fact that its determinant must be nonzero. If we had a
transformation which, for example, caused all or some points in one coordinate system
to coalesce into a single point in the transformed system, we would lose our ability to
back-transform in a unique way. Such a singular transformation has no inverse, and
the determinant of a singular matrix equals zero.

9-2.G Similarity Transformations

A matrix product of the form A−1HA is called a similarity transformation on H. If
A is orthogonal, then ÃHA is a special kind of similarity transformation, called an
orthogonal transformation. If A is unitary, then A†HA is a unitary transformation on H.
There is a physical interpretation for a similarity transformation, which will be discussed
in a later chapter. For the present, we are concerned only with the mathematical
definition of such a transformation. The important feature is that the eigenvalues, or
“latent roots,” of H are preserved in such a transformation (see Problem 9-5).

In this section we have quickly presented the salient rules of matrix algebra and
hinted at their connection with geometric operations. The results are summarized in
Table 9-1 for ease of reference.
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TABLE 9-1 � Some Matrix Rules and Definitions for a Square Matrix A of Dimension n

A = B Matrix equality; means aij = bij , i, j = 1, n

A + B = C Matrix addition; cij = aij + bij , i, j = 1, n

cA = B Multiplication of A by scalar; bij = c ·aij , i, j =1, n

AB = C Matrix multiplication; cij =∑n
k=1 aikbkj , i, j = 1, n

|A| The determinant of the matrix A (see Appendix 2)
A−1 The inverse of A; A−1A = AA−1 = 1

If A−1 exists, A is nonsingular and |A| �= 0.
A∗ The complex conjugate of A; aij → a∗

ij , i, j = 1, n

If A∗ = A,A is real.
Ã The transpose of A; (Ã)ij = aji (rows and columns

inter changed)
If Ã = A, symmetric; if Ã = −A, antisymmetric;
if Ã = A−1, orthogonal.

A† The hermitian adjoint of A; (A†)ij = a∗
ji(A

† = Ã∗)

If A† = A, hermitian. If A† = A−1, unitary.
(ABC)∗ = A∗B∗C∗ Complex conjugate of product

(ÃBC) = C̃B̃Ã Transpose of product
(ABC)† = C†B†A† Hermitian adjoint of product
(ABC)−1 = C−1B−1A−1 Inverse of product
|ABC| = |A| · |B| · |C| Determinant of product (any order)
T−1AT A similarity transformation

If T−1 = T†, this is a unitary transformation.
If T−1 = T̃, this is an orthogonal transformation.

9-3 Matrix Formulation of the Linear Variation Method

We have seen that the independent-electron approximation leads to a series of MOs
for a molecular system. If the MOs are expressed as a linear combination of n basis
functions (which are often approximations to AOs, although this is not necessary), the
variation method leads to a set of simultaneous equations:

(H11 − ES11)c1 + (H12 − ES12)c2 + · · · + (H1n − ES1n)cn = 0
... (9-12)

(Hn1 − ESn1)c1 + · · · + (Hnn − ESnn)cn = 0

All terms have been defined in Chapter 7. Given a value for E that satisfies the associated
determinantal equations, we can solve this set of simultaneous equations for ratios
between the ci’s. Requiring MO normality establishes convenient numerical values for
the ci’s.




