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3.8.3 Unrestricted Density Matrices

We continue here with the generalization of our previous results for restricted
closed-shell wave functions. If an electron is described by the molecular
orbital y/%(r), then the probability of finding that electron in a volume element
dr at r is ||,(/§(r)|2 dr. The probability distribution function (charge density)
is |W/a(r)|*. If we have N* electrons of a spin, then the total charge density
contributed by these electrons is

Nex
p%(r) =) [Wim)|? (3.335)

The corresponding charge density contributed by electrons of f spin is

NB
PP(r) = . WA} (3.336)

and the total charge density for electrons of either spin is the sum of these
pI(r) = pr) + p¥(r) (3.337)

Integrating this equation leads, as expected, to
fdr pIr)= N = N*4+ N* (3.338)

In an unrestricted wave function, electrons of a and B spin have different
spatial distributions (p* # p¥), and it is convenient to define a spin density

p°(r) by
p°(r) = p*(r) — pP(r) (3.339)

From the above definition of the spin density, it is clear that in regions of
space where there is a higher probability of finding an electron of a spin than
there 1s of finding an electron of B spin the spin density is positive. Alter-
natively, the spin density is negative in regions of space where electrons of f
spin are most prevalent. The individual densities p* and p? are, of course
positive everywhere. The spin density i1s a convenient way of describing the
distribution of spins in an open-shell system.

Exercise 3.36 Use definitions (3.335) and (3.336) and Eq. (2.254) to show
that the integral over all space of the spin density is 2{.%,).

By substituting the basis set expansions (3.328) and (3.329) of the o and
p molecular orbitals into the expressions (3.335) and (3.336) for the o and
charge densities, one can generate matrnx representations (density matrices)
of the o and f charge densities,

Na
P’ =) Wam|* = ). . Pi.d, (i) (3.340)
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N8
pPi(r) = ) [WAm)|* = ) 3 Pl (r)¢i(r) (3.341)

where the density matrix P* for o electrons and the density matrix P? for f
clectrons are defined by

Z Cha(Cra)™ ' (3.342)

P, = Z CE(CL) (3.343)

In addition to these two density matrices, one can, of course, define, 1n
analogy to our previous definitions, a total density matrix and a spin density
matrix. That is,

P7 = P* 4 P# (3.344)
PS = P* — P (3.345)

Exercise 3.37 Carry through the missing steps that led to Egs. (3.340)
to (3.343).

Exercise 3.38 Show that expectation values of spin-independent sums
N

of one-electron operators Y k(i) are given by
i=1

(O = Z Z P (v|h|w)

for any unrestricted single determinant.

Exercise 3.39 Consider the following spin-dependent operator which
1s a sum of one-electron operators,

N
p° =2 ) O(r;— R)s.(i)
i=1

Use the rules for evaluating matrix elements, given in Chapter 2, to show
that the expectation value of 5° for any unrestricted single determinant is

(%) = p°(R) = tr(P°A)
where
A, = $E(R)O(R)

This matrix element is important in the theory of the Fermi contact contri-
bution to ESR and NMR coupling constants.
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Having defined the unrestricted density matrices P%, P?, P?, and P° we
will now use these definitions to give explicit form to the unrestricted Fock
matrices F* and F”.

3.8.4 Expression for the Fock Matrices

To obtain expressions for the elements of the matrices F* and F*, we simply
take matrix elements in the basis {¢,} of the two Fock operators f* (Eq.
(3.316)) and f* (Eq. (3.318)), and use expressions (3.322) to (3.326) for matrix
elements of the coulomb and exchange operators. That 1s,

Fi, = [dr, oR0 (1)
N= NB
= H™* + Y. [, [ WiV — (921 020)] + X (dut V208 (3.346)

Fi, = {dr, o30S AD(1)
NB Ne
= H + Y [0, V808 — A1WE0)] + T (b Uy (3347)

To continue, we substitute the basis set expansions of % and ¥/ to get
N« NB
Fa,=H2+Y ¥ Y Co(Ce ) [(uv| o) —(ph|ov)]+ Y, Y. ColCo) ¥uv| i)
A o a A o d
= Hy+) > Pi,[(uv|od)—(ud|ov)]+) 3. Pi(uv|od)
A o A 0O

= HY+ ) ) Pi(uv|al)— Pi,(u/|ov) (3.348)
A © -

NB N«
FO,=H{T+> 3 CEACE ) [(uv]|oA)—(uh]|ov)]+D. D Y. CilCon¥(uv|al)
A o a A a a
=HR+3 Y P [(uv|od)—(ui|ov)]+3. > Pi(uv|od)
A O A O

=Hyre + ), 2, PL, (wlod) — Pi(uilov) (3.349)

If one compares these expressions with the corresponding restricted closed-
shell expression (3.154), one sees that the coulomb term is identical and
depends on the total density matrix. The difference is only that here one has

separate representations of the o and f density matrices rather than, as in
the closed-shell case,

P2, =Pl =3P (3.350)

The coupling of the two sets of equations is made explicit in the above
expressions, i.e., F* depends on P# (through the total density matrix P*) and
F? similarly depends on P



